A Generalization of the Navier-Stokes equations to
Two-Phase-Flows

T. Blesgen

Fakultat fiir Mathematik und Informatik, Universitdt Leipzig, Augustusplatz 10/11,
D-04109 Leipzig, Germany, e-mail: blesgen@mis.mpg.de, FAX: +49-341-9732199

Abstract. A modified Allen-Cahn equation is combined with the compressible
Navier-Stokes system. We show that after a modification of the stress-tensor, for
the resulting equations the second law of thermodynamics is valid. We give a physical
motivation for this altered stress tensor and compare the new equations with the well
known phase field approach. The model can be used to describe cavitation in a flowing
liquid.
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1. Introduction

During the last 40 years, remarkable advances have been made to describe the behaviour
of materials undergoing phase changes, see the well known works [1], [3] and [2].
Unfortunately, most approaches consider inert systems, only a few, like [4], [5], [6]
and [7], incorporate convection. From the theoretical point of view as well as for a
certain class of applications, it is desirable to overcome this restriction. In this article, a
modified Allen-Cahn equation is combined with the Navier-Stokes system. The resulting
model, due to some assumptions that generally neeed not be fulfiled, requires further
generalization, but is a first step to describe the behaviour of gas phases in a flowing
liquid. The model allows phases to grow or shrink due to changes of temperature and
density in the fluid and incorporates their transport with the current. In a forthcoming
paper an adapted numerical scheme and sample solutions will be presented to underline
the physical importance of the model.

As a main result of this work, it is shown that, compared to the Navier-Stokes
equations, the stress tensor contains an additional term —dpTVy ® Vy.
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2. Notations and Thermodynamic Relationships

Let 2 C Rd, 1 < d < 3 be a bounded domain with Lipschitz boundary. For 0 < D < oo
let Qp = Q x (0,D) and o : Qp — IR denote the (averaged) density of the fluid,
e:Qp — R" the internal energy, v : Qp — IR? the velocity field of the fluid. Governed
by a phase parameter x : Qp — [0, 1], two phases (e.g. a gas and a liquid phase)
may exist in . Let v/d denote the thickness of transition layers between two phases.
Generally, we postulate the potential energy density Fq of the system to be the convex
combination of the corresponding values of the two phases, giving rise to the definition

Epot = XEpot,l + (1 - X)Epot,Z- (1)

Similar relationships will be assumed for the entropy density S and the Gibbs free energy
density G. The internal energy density £ is obtained after adding the kinetic energy:

1
E = Epot + 5 |U|2.

Capital letters genericly denote densities, values corresponding to small letters include
a factor p or p;. Indices refer to the phase, values without index to the whole system.

For instance, we have

€pot = €pot,1 + €pot,2 = QlEpot,l + QQEpot,2
= Q(XEpot,l + (1 - X)Epot,2) = QEpota (2)

Y
e = epot + 2 lv]2.

o and y are solutions of the system of partial differential equations (5) — (8) below and
allow us to calculate the specific densities o1, 02 of the phases.

To make the definitions precise, consider the specific volume V = %. Let V; be the
specific volume of phase i (phase ¢ has mass 1 in V;) and V; be the volume phase 7 is

actually occupying in V. Now we define

Wi = % volume fraction of phase ¢ in V', 0 < ); <1,
0; 1= ’é— = % % specific density of phase i, 0 < p; < p,
Xi ‘= % = % density quotient = mass of phase i in V, 0 < x; < 1.

Direct from the definition follows Z o; Vi = Z v, = 1.

We synonymously use x; = x, x2 = 1 — x. Let (for the moment) M; denote the mass of
phase ¢ in V. If we assume M;V; = V;, that is both phases shall be incompressible, then

Xi:g:**ZMi-
o V o



The specific densities p; are therefore obtained by

o1 =o0x, 02=0(1-x),

thereby explaining the third equation in (2).
To guarantee the formation of phases, we subtract the mixing entropy density .S,

~ )
S =W+ IVl
1
W(x) = x Iy + (1= x) In(1 = x) = 5x°, (3)
from S and set § := pS. This represents the entropy density as

5
S=xSi+{1=x)%-Wh) -3 Vx|

Let T : Qp — IRT be the temperature and p : Qp — IR" the pressure of the fluid.
Since f/T = epot/T — s and (Orf)y = —s, we have

o(B), 5

Therefore, the mixing entropy is not present in epo, but with a factor —7" in the

Helmholtz free energy f and the Gibbs energy ¢g. This leads to the representation
of e above and the definitions for the densities F' and G by

F=xFi+(1—=x)FR+TS, G=xGi+(1—-x)Gy+TS5. (4)

3. Mathematical Formulation

Beside the definitions above, let € > 0 be a scaling constant for the substantial derivative
dx := 0yx +v-Vx of x. For given velocity field v, let Ry := {z € 0Q | v(z) - fi(z) < 0}
denote the inlet, Rp := {z € 9Q | v(x) - fi(x) > 0} the outlet of the domain €2, where 7
is the unit outer normal vector to 0f).

We modify the stress tensor and set (d;; be the Kronecker delta)

Fij =Ty — p5ij - 5QT8iXan7
7 = p(0w; + 0;v;) + v(dive)d;;

with viscosity coefficients v, p, where v > —%,u for d = 3 and v > —p for d = 2, see
(15). Notice that the correct form of the stress tensor and the restrictions on v and g
are assumed here, but will be a consequence of the entropy estimate in section 5.

The thermodynamic driving force of the Allen-Cahn like equation is defined by

T0.T,x) = W) + XG0, T) + (1~ )Galo. T)]
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With these definitions, we introduce the following system of equations corresponding to
conservation of mass (5), momentum (6) and energy (7):
For given (o, vo, €0, X0), (Ur, T, X») and oy find the solution U = (o, pv, e, x)" of

Oo = —div(ev), (5)
Oi(pv) = —div(pv ® v+ 0TV x @ Vx) + div(r) — Vp, (6)
oe =div(LVT — (e — T")v), (7)
eox = —0J+ Z div(oVy) —ev - Vx (8)

in § with the initial values

(0, 00,€,X)(+,0) = (20, 00v0; €0, X0) in
and the boundary values

X=Xr V=0, T=T, ondf)
and

o=o0r on Ry

As a consequence of a parabolic maximum principle for (8), the logarithmic form of
W in (3) guarantees 0 < x < 1 in ., if the same is true for the initial data y.
All extrema [ of the phase parameter x satisfy

I} 1
070 7.9 =1 (125) 5+ 3Ge.T) - Galo 1)) =0
This identity explains how p and T determine over T~ (G; — Go)(p,T) the preferred
phase (gas or liquid).

4. Assumptions

We list up all physical assumptions that were implicitly made in the approach above.

e The domain €2 as well as the inlet and outlet do not depend on time t.

e All phases are assumed to be moving with identical velocity vector v.

e For E,u, equation (1) is assumed. Similar relationships are assumed to hold for S,
F and G as explained above.

e  The volume of a mixture consisting of 2 phases is supposed to obey the formula

V=xVi+(1-x)Va (9)
e  The viscosities v; and p;, the heat coefficients L; and the adiabatic coefficients ~;

are assumed to be constants and shall have one value for both phases.
e  Chemical reactions don’t take place. Magnetic and electric forces are neglected.



e Both phases are assumed to be incompressible.

e T} =T, Two neighbouring phases shall have the same temperature
(instantaneous equalization of entropy).

e p; = po: Two neighbouring phases shall possess the same pressure on the boundary
(instantaneous equalization of volume).

e  The heat generated by shearing of boundary layers is not taken into account.

e The buoyancy of gas phases is not incorporated.

5. Entropy Estimate

We prove the validity of the second law of thermodynamics for system (5) — (8),
corresponding directly to the existence of a Lyapunov-functional. = We start by
calculating ds;, the total differential of phase i, ¢+ = 1,2. By definition, we have

ds; = d(0;S;) = S; do; + 0; dS;.

Because of the Gibbs equation dS; = % dE; + % dV; it follows:

Oi oip
ds: = S: do: + = dE: AV
S’L S’L Ql + T (] + T ‘[l
pVé) 0i p
= |9 — i + 0 dE; + — d(oiV;
(s ) doi+ 2 dE + 2 d(ov)
pVi E) 1 p
— g 4 B+ E s
(5= B2 = 21) doi+ 7 d(eiEn) + 2 dus
1 1 P
= - sz‘ do; + T de; + T di;.
And after summing up over all phases:
1 1
ds+d5 =Y ds; = =73 G, doi+ 7 de + 2 d(3v).
7 7 7

=0

Here we use the relationship do; = x; do + o0 dx; and observe dy; = —dyx». It follows:
_ 1 1
ds+ds = — Zi:XiGi do + — de - % (G1 — Gy) d. (10)

Now we assume that the internal energy available for thermodynamic processes does
not depend on v. For v = 0 the differential de in (10) is deyot. If we consider the arising
equation as a relation in phase space, so that we can compare the J;-terms separately,
we get after integration:

[0 = [ [ 0w — 72 S xiGidho— 2(Gr— o) dx — 03],
Q Q t
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Now we need a representation of %&epot. Because of

2
Ore = 0, <€pot + §|U|2) = Orepot + v - O(ov) — ‘ | o0,

exploiting the conservation equations (5), (6) and (7) yields
’ 2

/ Orpot = / ; i (ov) + — (?tg + T div(LVT — (e F)v)}

2
:/ —%-div QU®U+F)—|2Td1V(Qv)

1
+ o V(LT = (epor + 5 yv|2 ~)|.
After partial integration, this means

1 VT|? VT
/T atepot = / [L| | "’ —: Vv + €EpotV - V +/ epot Y } 7.
Q Q

T2 T
We get
VvT|?
/&3_ /[L’ TZ‘ +— Vv+epotv V( )— %(Gl —Gz) 1015%
Q Q
1 ~ v vT, |
T EZ:XZGZ‘ 00 — ats} +84 [— epotf + LT} 7 (11)

Now we transform the term —% > xiGi 0o in (11).
1 1 )
Q/_T ;XiGi 0o = /T ZXz’Gi le(QU)
1 i
:/ ( ZX% i '(Qv>+/f ZQiGiv'n
Q o0 g
_ DR VAN o PRI — D
- ! =Y 06w V(g) — § X GVxi v = 7o S e dG]
o0 ‘
We simplify this further. The first and third integrand in (12) are
1 1
/ ZQ,GU V( ) Q/{—epotv-V(T)—T(s—i—s) VT—pv-V(Tﬂ,
/—— Zgsz / % — (s +3)VT).
Q
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The last equality is a consequence of dG; = —S; dT + V; dp and Y, 0;V; = 1. Therefore
1

/—7{ ZXiGi Oro = /[_epotv'v(;J_T (ov) ZGVXZ}
Q v Q
—/[pv-v<7{)+;-Vp}+/T ZQiGiv'ﬁ-
Q N v

By inserting this in (11), we obtain

/at / |VT|2 : Vv —pdive — pv - V( )—%‘Vp—atﬂ

- /5QVX ® Vx: Vu —/%(Gl — G)(v- VX + 0kx)
0

v L VT
+/ [ZQiGi—epot T - n. (13)
o !
In (13) we remark at once, that
p . 1 v B ) v, v
/[—levv—pv-V(?> —f~Vp} —/—le(pT)— /—pf-n,
Q Q o9
enabling us to reformulate the boundary integrals:
/[ZQZ i epot n—/p— n:—/8+5
o !
Now we write the modified Allen-Cahn equation in the form
1 o ..
_T(Gl —Go) =¢e(Ox+v-Vx)+W(x) — . div(pVy).
Inserting in (13) yields:
|VT|2 .
/(2 —/ T Vv — 80V ®@Vx : Vu+eo (Ox +v-Vx)? —ats}
LNT

—

*n.

+ Q/(QW/(X) —div(eVx))(Oyx +v - V) —aé(s + 8-+ /

Next we systematically remodel (oW’ (x) — ddiv(oVx))(Oxx + v - V). Firstly,

@)~ saiv(eVn) dx = [ [~ (W0 + 3 19X o+ AW (x) + 219X

Q Q

- /59 dXVX -1,
o0
and for the transport term after partial integration

[ (@00 ~5iv(09x)) v Vx= [ V(oW () + 2I9xP) v~ (W) + 319X Voo



+ /6QVX ® Vx:Vou— /6@(1} -Vx)Vx 1.
Q 99

Thus we get

T|? ~ ~
/Gt /le | VU+6Q(8tx+v Vx)?+V3-v—80,0—SVo-v

VT
—/sv.ﬁ—/sv-ﬁ+/L7.ﬁ—/5g(atx+v-vx)vx-ﬁ.
15] o0 o0
Finally we use

/—év-ﬁ:/—div(§v) :/—U-V§—§divv,
Q )

/[—S@tg—§divv—5’VQ-v} =0,

Q

to get the result:

/ats+/ 7l = / WT'Z 7 Vuteo (Ox+u- Vx|
Q o0 Q

LNT

—/ (Bix + v - V) 6V - n+/ A (14)
Now, for a thermodynamically closed system, there is no temperature and entropy flux
at 0§2. So, by choosing Neumann-boundary data for y or y = const on 0¢2, all boundary

integrals in (14) vanish. L‘VTq;l is a production term due to heat diffusion, % : Vv the

dissipated motion energy. Defining the tensor f;; := %(&»vj + 0jv;), we see T : Vv > 0:
7:Vv= ILLZ(aﬂ)J + 8]-1)1-)8]-111- -+ I/(diV'U) Z ajvi&j
irj irj
=1 2(fi)) 2+ v fun Y fii0i
irj k

Z’?j

=2p> (fiy)* +v (3 fu) (15)

After diagonalizing f;; by principal axis transformation and for v > —2 p for d = 3 we
get 7 : Vv > 0 and therefore 0; [ s > 0 as claimed. Notice also that fgg (O x +v-Vy)?
Q

)
corresponds to the Lyapunov functional of the unmodified Allen-Cahn equation.

6. Interpretation of the New Stress Tensor

As we have seen above, in comparison to the Navier-Stokes equations, the tensor I' has
been changed in our model. Beside the motivation by the second law of thermodynamics,
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there exists another physical reason for this modification. To see this, we look at the
Navier-Stokes equations and remember the identity

d
W[_FNST(V7 ). (16)

So pd,; is the part of the stress tensor that responds to changes of volume and that we

p:

therefore shall call the elastic component of I'. Now we split I and set

I'= 11el + 11inela Fel =P 52] (17)
For our equations consider the functional (the specific density fulfils V = o)
1 4]
FIV,Tx) = [ ofa) F(os, T(@), x(@) + )T () V(@) de'(e). (18)

9)
Let @ : Qg — € be the transformation from Lagrange- to Euler-coordinates, gy be the
density in €. For a C'-vectorfield £, let 1) : IR? x [0,1] — IR® be a deformation in the
direction of £, that is ¢)(z,0) = z and 0590 = {0 p, 0 < s < 1. To explain the method
we start with the second term in (18), map it to {2y and rewrite it in the form

s 0 -
Fo = / [QOTO §|VX|2} o,
Qo
where ¥ = xyo o™, gy = opo ™, Ty = Tyo ! and & = 1) o . Because of
;X = S 1(9;x) o p710;(¢ 1), we have

‘7:2 = / {QNOTO g Z 81X o 1/}_18]‘(77Z)_1)i 8kX o ¢_18j<¢_1>k] o i)

i,5,k

Qo
J
= [ o7 5 Y 0 0,070 0 0,07 0w B 0 @
Qo

1,5,k

From this result, as an application of the product rule, we obtain

0.5 = [{ooT 3 3 000 [0.(0,(0 )0 910, e 0
o ik

+ 3j(1/1*1)i o1 88(<9j(17b*1)]€ o w)}} o®.
A short calculation gives 95[9;(¢™1); 0 ¥]0;(¢¥ 1) 0 = —0;&, and we get:

asz)S:O = - / {QOTO gz ix(0:& + akfi)} o®
% ik
= —/,QOTO oVx ®@Vyx :VEod.
Qo

In the same manner, the first part of (18) is treated. Because of (16) and (17) it follows
(div€ comes from J; det(Dv))):

8sf1s_0=—/QopdiVﬁoq’:/QoFez1V§Oq’-
B QO Q0
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Combining the results, we obtain (Id;; = d;;)

0 F

s=

0= —/Qo[p1d+5Ton®VX] : VEo d.
Qo

So we understand the change of the stress tensor as a consequence of subtracting % |Vx|?
from the entropy density S.

7. Comparison with the Phase Field equation

For v = 0, the entropy estimate is fulfiled with the original stress tensor I ij 1= Tij — POij
of the Navier-Stokes equations. Since d;0 = 0, we may set without loss of generality
0= 1. For e =1 and L = const, equations (5) — (8) can be rewritten as
Vp =0, (19)
ate = LAT,
Ox = — 0,J + 0 Ax.
Now, by setting
Epot,l = T + 1, Epot,2 = T, (20)
such that e = epoy = T + X, and convenient 0, .J, we recover the phase field equations:
(/5% = —0,J +0Ax,
where due to (19) a physical situation with constant pressure is considered. Apparently,

due to (20), T jumps between two phases. So we see that our model is related to the
phase field model, but does not account for temperature jumps across boundary layers.

8. Conclusion

The model presented here is a first step to incorporate transport mechanisms in the
description of phase formation processes where the mass of the phases is no order
parameter. It still needs generalizations to be applicable to practical problems. The
approach was made as general as possible to simplify further improvements, this is why
the system is compressible while single phases are regarded as incompressible.
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