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On reconstitutive phasetransitions
and thejump of the chemical potential
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Summary: This article studies diffusion in solids in the case of two phases under isothermal
conditions where due to plastic effects the number of vacancies changes when crossing a transition
layer, i.e. a reconstitutive phase transition. A segregation model is derived and the equations are
studied in the limit of a sharp interface. A Gibbs—Thomson law is derived and it is shown that the
vacancy component of the chemical potential jumps across the transition layer thereby explaining
recent experimental observations. The thermodynamic correctness of the model is shown as well
as the existence of weak solutions with logarithmic free energies.

1 Introduction

The present article is concerned with the influence of phase transitions on diffusion
processes in solids close to transition fronts. In particular the model developed here
conclusively explains recent experimental results in [29], see also [30], on the ferrite
transformation at high temperature in low-carbon steels where a jump of the chemical
potential across the interface is observed. This observation is not in agreement with well-
established mathematical and physical models for interface dynamics like the Allen—Cahn
or phase field equations, [5], the Cahn—Hilliard system, [12], the Stefan problem, [20], or
other recent models for phase transitions in solids, see for instance [14, 2], and [3].

In[29] also some numerical simulations are done. They are based on the representation
fi =D "2 Xiimi (Xj1, . .., Xim) of the free energy density of phase | and a formula for
the mass flux J related to the Onsager relation, see (2.5) below. Both crucial identities thus
depend on the vector . of chemical potentials which in turn depends in a complicated way
on the molar fractions Xj;. Explicit formulas for 1 asa function of X; are provided by huge
data bases in CALPHAD or SGTE, see [17, 15], and http: //www.calphad. org,
http://www.sgte.org. In this way, the jump of the chemical potential is captured
in the numerical computations in [29], but no further explanation for the jump of w is
given. This is the objective of the present article.

A jump of the chemical potential was also observed numerically in [9] on studies
of stress assisted diffusion in Gallium Arsenide single crystals where unwanted liquid
droplets grow in the solid surrounding. Because contrary to the solid phase the liquid
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126 Blesgen

phase does not contain any dislocations and vacancies, this leads to a jump of the chemical
potential across the solid-liquid interface. For the chemical potential of the Gallium phase
and the Arsenide phase, [9] postulates the constitutive relations

jea = 13, + RTlog(l —y) + (Lo + L1 — )2,
pas = nd, + RT log(y) + (Lo + L1(1 — 4y) (L — y)?,

where the constants Lo, L1 > 0 measure the strength of the mixing energy, T denotes
the constant temperature and R is the gas constant. The parameter y denotes the arsenic
mole fraction. It is set according to measured values and jumps at the interface.

Key to the mathematical formulation presented here is Equation (2.9) that describes
the behaviour of the vacancies as a traveling wave with a non-vanishing velocity only
close to the interfacial layer. This ansatz is purely phenomenological. From the mechanical
point of view, close to a transition layer the internal forces may be considerably larger
than the drag forces of the lattice and the material undergoes a plastic deformation. On
the atomistic level, this may be accompanied by the presence of dislocations, by twinning
or by the generation of shear bands. In this article no attempt is made to incorporate these
phenomena into the model as at present no satisfying theory for the dynamics of lattice
dislocations exist (but see [25, 22]).

As we shall see, due to (2.9) the number of vacant lattice positions n, changes locally.
This causes a local change of the concentration vector ¢ which is the reason for the local
variation of the free energy with respect to c close to the interface.

The outline of this article is as follows. In Section 2 we introduce some notation and
derive the model. A thermodynamic validation follows in Section 3. The mathematical
existence proof is subdivided into two parts. The first part in Section 4 deals with the
straightforward case of positive mobilities and polynomial free energies. The second part
in Section 5 discusses possibly degenerate mobilities and a logarithmic free energy and
uses part one. The sharp interface limit is studied in Section 7.

2 Derivation of the model

We consider an isothermal regime with constant temperature 6. Let ¢ RP be a bounded
domain with Lipschitz boundary that contains M > 1 different species of molecules.

Let nj = nj(x, t) be the number of lattice sites occupied by an atom of species i,
1<i<Mandletn := (ng,...,nw). By n, we denote the number of vacant lattice
positions. Due to plastic deformations near the interface the local coordination of the atoms
may change irreversibly. Conservation of mass implies that [, nj(x, t)dx are conserved
quantities for 1 < i < M. Yet, the mass densities vary locally when crossing a phase
transition due to changes of the lattice geometry. In the following we will take this
into account by allowing the vacancy number n, to change locally. This means that
Jo Nu(x, H)dx is a non-conserved quantity.

Consequently we write

M

N =N@m.ny) =Y ni+n, (2.1)
i=1
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Reconstitutive phase transitions 127

for the available lattice sites in  and set ¢j := % 1 < i < M for the concentration
of the i-th constituent. The established mathematical models are formulated for the
concentration vector ¢ := (cy, ..., Cy) and neglect plastic effects.

As we assume that at most two phases coexist we introduce a phase parameter
x = x(x,t) € [0,1] which is an indicator function of Phase 1, say. Instead of the
common variable ¢ we formulate the model for (n, n,), as we want to keep track of the
change of lattice positions during the reorganisation of the lattice close to the transition
layer.

The free energy F of the system is

F = F(n, Ny, ) =/ (0, Ny, ) dx
Q

with the free energy density f(n, n,, x). For f we make the ansatz
_ v 2, 1 2
(.M. 0 = F20 M) + (L= 0 20,00 + 6 (W60 + 21V + 51V ).
(2.2)

where the last term is due to the entropy of mixing. Furthermore, 7 > 0 determines the
square root of the thickness of the boundary layer between the two phases, and

W0 == xInx + @ — ) InL — x) — Gcx?

isadouble well potential for a large constant 6; > 0. To simplify notation, we sety := 0y.
The unconserved order parameter y is governed by the Allen—Cahn equation

R of
TatX = _a_(nvnvv X) (23)
X

with a positive constant 7 = 7(6) that adjusts the time scale of the propagation in yx, and
% denotes the first variation of the functional f with respectto x, i.e.

af(nn )—df(nn +s0)|
aX ) U7X§_ds ) UaX gS:O-

The functions fj in (2.2) denote the convex and smooth free energy densities of phase
I. A possible choice on fi, | = 1, 2 is the purely entropic ansatz

oo =kt 2 (F) (0(F) )+ () )] e

where kg denotes the Boltzmann constant and E! > 0 are enthalpic energy terms.
The conservation of mass leads to the formulation 9;n = —div(J ). Onsager’s postu-
late, [23, 24], states that the thermodynamic flux is linearly related to the thermodynamic
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128 Blesgen

force. In our case the thermodynamic forces are the negative chemical potential gradients,
and we obtain the phenomenological equations, see [18, p. 137],

M
Ji=-)LijVpj, 1<isM, (2.5)

j=1
with a mobility matrix L = (Lij)1<i, j<m that may depend on the solution vector. The
Onsager reciprocity law, [23, 24, 18], states that L has to be symmetric which we assume

in the following. To simplify the existence theory we will further assume that L is positive
definite. By

of
any
we denote the i-th chemical potential and the vacancy component of the chemical poten-

tial, respectively. Furthermore we set & := (w1, ..., AM)-
Similar to (2.3) we postulate that n, is governed by gradient descend dynamics,

of .
Ml(nv Ny, X) = %(ns Ny, X)s 1 =1 = Mv Mv(ns Ny, X) = (nv Ny, X)
1

5f
dthy = _V(X)(ST(H’ Ny, X) = =VOO (N, Ny, X,
v
where a physically reasonable ansatz for V is, see [6] and [16],

V() = x(1 = 0. (2.6)

As a consequence of the evolution laws d;n = —div(J) and dtn, = —V(x) e, N and ny,
are subject to continuous changes and are no integer quantities. Similarly, N = N(x, t)
specifies an inverse density.

To conclude, we are concerned with the following system of equations:

M
onj = diV(Z Liij,j>, 2.7)
j=1
of
i = —(n, Ny, %), 2.8
M=o (N, Ny, x) (2.8)
atnv - _V(X)I’Lv(ns nv’ X)7 (29)
of
My = E(ns nvs X)v (210)
Tox = yLAx + o, ny, x) (2.11)

combined with the initial conditions
ni(,0) =nio, Ny(,0 =nw, x(.0=x  INQ, (2.12)
and the Neumann- and no-flux boundary conditions
Vni-v=Vuj-v=Vu,-v=Vn,-v=Vy-v=_0 on a2, t > 0. (2.13)

In this formulation, njg, nyp and o are initial values for nj, n, and yx, and v denotes the
outer normal to 0€2.
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Reconstitutive phase transitions 129

A comparison to (2.3) yields
@, Ny, x) = (f2 = f1)(n, ny) — W' ().

If we multiply (2.9) with a test function, integrate by parts and respect the boundary
conditions for Vn,, we obtain

oy, = div(V(x)0Vny,) — b(n, ny, x).

A comparison with (2.9) and using (2.4) yields for the source term b
o f1 of
b(n. Ny, ) = V(x)(x— +a-057) (2.14)
kgt E;—E} EZ-E?
V<>Z< () e g a0

where we used forl =1, 2

M - kot 5 ()[n(2) + Lk;ﬂ

i=1

Due to (2.9), the number of vacancies n, is different in each phase. Therefore, in the limit
y — 0, the vacancy component of the chemical potential 1, jumps at the interface.

3 Thermodynamic validation

We shortly verify the second law of thermodynamics for the equations (2.7)—(2.13). As
the temperature 6 is kept constant it is enough to show that for a closed system the total
free energy decreases with time.

The chainrule yields % f(n,ny, ) = Z,""l e otNj 4o T atn + 8tx Thus we have

to test (2.7); with aanf. (2.9) with —— 3 and (2.11) with % af . After summatlon integration

over € and one integration by parts the result is

of of
dt/f(n nv,x)+/ZmJ. V—/[ZVM Ji + atﬂ + 3tx} 0.

Q|1

With the help of (2.3), (2.5) and (2.9) this can be rewritten in the form

d 1
dtf fn. o, ) + /[Lw:vwvoowv)%;(ax f(n, n, 20)?]

Q Q
M
+/Z,U«i~]i'v=0. (3.1)
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130 Blesgen

This is the constitutive equality for the Helmholtz free energy. LV : Vi represents the
entropy production due to mass fluxes of constituents 1 to M, V(x)u,(n, Ny, x)? is the
production due to the vacancy flux and finally %(ax f(n, ny, x))? the production due to
reorganisation of the phases. In Section 5 we will showthat 0 < x < 1 almost everywhere
in Q. Thus all production terms are non-negative yielding for a thermodynamically closed
system the crucial estimate %fg F(n(x, t), ny(x, ), x(x, ) dx < 0.

4 Existenceresult for positive mobilities

In this section we study a regularisation of System (2.7)—(2.13) with a mobility V that
is bounded away from zero. In Section 5 we will use this result to generalise to the
regularised system with possibly degenerate mobility. The regularised problem is obtained
after adding an artificial viscosity term %(Zi'\il IV(ni/N)[2 + [V(n,/N)[?) to the free
energy for small « > 0. Later we will derive uniform estimates independent of « that
allow us to pass to the limit « ~\ 0.

We apply techniques from [19] and [31], see also [27], originally developed for
the Navier—Stokes equations. Related mathematical methods for estimating degenerate
parabolic equations can be found in [7, 10], and [8].

For a stop time T > 0 let Q1 := Q x (0, T). By Ck(2) we denote the k-times
continuously differentiable functions in € and by H™(Q) = H™2(2) for m € N the
Sobolev space of m-times weakly differentiable functions, i.e. the space of functions u
for which 3*u exists in the Hilbert space L2(£2) in the weak sense for any « € R" with
|| < m. For later use in Theorem 6.2 we also need to extend this definition of HS(2)
to general real s > 0. To thisend let s = m + o withm € Nand 0 < o < 1. We then
introduce (see [1, Theorem 7.48] for details)

|8“u () — 3*u(y)|> Y2
ullhsce) = <||u||ﬁm(m+ > [ T dxdy
Q Q

la|=m
such that
H*(Q) := {u € L) | lullus() < oo}
We are going to impose growth conditions on (compare with (2.2))
. ny, 0 = x i, ny) + @ = ) f2(n, ny) + OW(x)

and it is convenient to rewrite f by setting

n n,

T(nv nUv X) = f(ﬁv Wv X) =5 ‘F(C, CUv X)

and state conditions for f. With this definition in mind, we make the following assump-
tions to show existence of weak solutions (a weak solution to (2.7)—(2.13) is defined as
in (4.1)—(4.7) with arbitrary test functions ¢ € H1(Q)):

(A0)  c RP is a bounded domain with Lipschitz boundary.
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Reconstitutive phase transitions 131

(A1) The initial values fulfill ng € H1(Q2; RM): x0, nyo € HY(Q) such that

om0+ 5( 32 [5(5) + [ (GE)) <

(A2) The free energy density f fulfills f € CL(RM x R x R; R). Furthermore, for all
8 > 0 there exists a constant Cs > 0 such that for all (n, n,) with N(n,n,) # 0 and
X €R

(2 ) 01(5 1)

(A3)V : R — R™T isacontinuous function and there exist constants vy, vp > 0 such that
vo < |V(x)| <vi1 forall x e R.
(A4) The mobility matrix L is a symmetric, positive definite tensor with constant entries.

We remark that by Assumption (A2) any polynomial growth is allowed for f, whereas
exponential growth is not.
In particular, (A2) with § = 1 yields the existence of a constant C; > 0 such that
f > —Cj.

Lemma4.1 Let (A0)—(A4) hold. Then there exists (n, ny, w, iy, x) Which satisfies (2.7)-
(2.13) in the weak sense such that forany0 < q < 1

(i) n e L0, T; HY(Q; RM)) n CO([0, T]; HY(2; RMY),
dn € L2(0, T; (HY(; RM)Y),

(i) ny € L=, T; HY()) N C2([0, T]; HY(RQ)), &n, € L2(QT),
(i) x € L0, T; HY(£2)) nCO([0, T]; HY(R)), dx € L2(0, T; (HL(RQ))"),
(iv) e L2(0, T; HY(Q; RM)), iy € L2(Q1),

(V) (ns nvs X)(t | 0) = (n01 nUO! XO)

Proof: Let {¢j}icy be the eigenfunctions of the Laplace operator with Neumann boundary
conditions, i.e. for associated eigenvalues (Aj)ien € RT

—Agi = Ao in Q,
Vei-v=20 on 02.

The functions {¢j }iex form an orthogonal system in L2(£2) and H1(£2). We can normalise
them such that (¢i, ¢j)| 2(q) = dij. Additionally we may assume A1 = 0, ¢1 = const.
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For K € N we consider the Galerkin approach

K K
NG = Y af®e0,  w =) B®e), L=<i=<M,

k=1 k=1

K K
NEOGH = Y OO0, w6 H =Y 8 Oek(X),
k=1 k=1

K
K000 =D e O@0.

k=1

These functions solve

M
/atniK<p| = —/ LijV,u,jK~Vg0| forl <i < M,
Q Q I=1
of
K K K _K
Q Q

+K/V<niK/NK>.V<¢|/NK>,
Q

/8tnff<p| = —/V(XK)uffwl,
Q Q

of

K K K K
= [ — 0™, n",

/vaﬂl /anv( v X el

Q Q

+K/V<n5/NK>~V<¢|/NK>,

Q
%/8th¢| = /w(nK,nf,xK)w —/yVXK.w.,
Q Q Q

K
nf©0) = M¥nip ==Y Mio. gk 2@k, 1 <i <M,
k=1

nkK©0) = M%ne, xX0) =1x.

Here we introduced the projection ITX : L2($2) — span{¢, ..., ¢k }.

Blesgen

(4.1)

(4.2)

(4.3

(4.4)

(4.5)

(4.6)

4.7)
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Reconstitutive phase transitions 133

The coefﬂuentfunctlonSa NOB ﬁ" M, y,K(t) 8, (t) and glK Mforl<i<M1<l<K
solve the following initial value problem for a system of ordinary dlfferentlal equations

M
Btotin( = —A ZLijﬁﬁ /(p|, (4.8)
=1 &
9f K K K K
p = [ (ke Yo Corfo Ycko) @)
o j=1 j—1 j—1 i=1
M
)\‘ 'K
e [/( m;“ m /(NK)4 Z m'/(NKF}
2 =
K
an< = _/v(zg;ﬂw)aﬁ, (4.10)
Q =1

f
8 = /;)Tv(zaljrpp Zanwj,Zy, wj,zej ¢J)¢| (4.12)
Q

+ihyif |:/(NK)2 Z”m' /(NK)4 Z:ym'/(NK)J
%atglK = / (Zalj(pj,.. Z(XMJ(P],ZVJ Pj, 28] (pJ)
j=1

Q

—ynef, (4.12)
o (0) = (Mio, )2y Forl<i <M, (4.13)
W) = (w0, )20y &1 (0) = (x0. 91 2()- (4.14)

In (4.10), (4.12) we used the abbreviation

M K

NS = NS (@) =D > ek
1

m=1k=

Due to Peano’s theorem this initial value problem has a local solution as the right
hand side depends continuously on the coefficients olf, BI, 1<, 5K and ef¢.
Equation (3.1) is also valid for the regularised system, where the term

(Z|V(n./N>| + IV@u/N)P?)

i=1

“Jap|oy JybuAdoa ayy Aq uoissiwiad uapLm yym pamojje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoK 1o} ajoie siyy aynquisip pue Adoa Aew no, me| JybAdoo uewas Aq pajoajoid si ajane siyj



134 Blesgen

has been added to the energy functional if we adapt wj and ., accordingly. After inte-
gration in time from 0 tot < T we obtain the a-priori estimate

flronnss Sle( 55 G e

Q

) 1 2 2
+ [(LVu: VIH‘%WX f1° + vof | o
Qt

M
K Nio\|2 | &|o/M0Y|?
< /(f(no,nvo, X0)+§;‘V(N—O>‘ +§‘V<N_o)‘ )<c. @15
5 =
With (2.2), the fact that L is positive definite, (A0), (A2) and the Poincaré inequality this
implies
K K K
ess supg<t<1 (I g1 + Ny Ollgz + x Oll2)

+ ||/LK ||L2(O,T; Hl(Q:RM)) T ||/Ll|;< ”LZ(QT) =C. (4.16)

Consequently, the coefficients el , 8K, K, 8K and X are bounded and a global solution
to the initial value problem (4.8)—(4.14) exists.
For g € L%(0, T; HY()) we have

M
‘/BtniK(p‘ UZL”w}(-VHK(p‘
QT QT j=t

C s VS 2@ IVIT® 0l 20, < CIVEllL2(qr),

1<j<

IA

‘/&XK(P‘ < /‘w(nK,nf,xK)HK¢‘+y/ ‘VXK-VHK(/)
Qr Q QT

< Cllgll 2 + J/||VXK||L2(QT)||V<P||L2(QT)
= CliellL2,7; Hi@)):

V()
f v

QT

A

IA

,ul'fHK(p‘ = Cwllell 2qr)-

‘ / atn{fw‘
QT

This implies
||atnK ||L2(0,T; (HL(Q; RM))) F ||atr]l|)< ”LZ(QT) + ||atXK ”LZ(O,T; (HL())) <C. (417)

Additionally, the boundedness of 3:nX implies the well-definedness of b(nK, nK, xK)

and the boundedness of f yields that expressions like :Ii; are not singular.

The uniform boundedness of the time derivatives allows us to apply compactness
results from [19, 31]. When passing to a subsequence (denoted as the original sequence)
we thus find forl <i < MasK — oo
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Reconstitutive phase transitions 135
nK S in L0, T; HYRQ)),
nkK — n in CO(0, T]; HY(Q)) foranyq <1,

dnk —ami in L2(0, T; (HYQ)).

These statements hold analogously for xX and nX (except 9nX — ain, in L2(Q1)).
Finally we have

K — i in L2(0,T; HY()),
pi =y in o L2(Qr).

K'— n,and xX — x almost everywhere in Q1. By
(A2), on f, 0n, f and 9, f are continuous, thus

For a subsequence also niK — nj, nK

on fFX, N, x5 — Bn f(n, Ny, x)
dn, FNK, K X&) = oy, f(n,ny, 0 almost everywhere in Q7.
3, (K, nK, %K) = 8, f(n,ny, )

The growth condition (A2) on f implies for all § > 0 and all measurable E C €

K K
FnK nK LKy _ 2 n K
[Tt = [ o (e i <)
E E K K
all n
s [ 4R e 1) + el

E
8C + Cs|E|.

IA

Therefore ¢ 3, F(X,nK, x¥)| — 0 as [E| — 0 uniformly in K and by Vitali’s

theorem, 3, T(nX, nK, xK)y — 8, F(n,n,, ) in LY(Q7) as K € N tends to infinity.
This convergence property permits to carry out the limit for  and to passto K — oo

in (4.1)-(4.7). The limit (n, ny, ., 1y, x) is @ weak solution of (2.7)—(2.13).

By Parseval’s representation we have ITKw — w in L2(2) forany w € L%(2). Because

of nK — ni, nK — n,, xX — x in CO([0, T]; L2(Q)) we find (n,ny, x)(t = 0) =

(No, Nwo, X0)- O

5 Existenceresult for degenerate mobility

We exploit the result of the previous section to show existence to the regularised system
with V given by (2.6). The difficulty is that the mobility might vanish and the system
becomes degenerate. Thus we introduce for ¢ > 0 the extended mobility V. by

Vi) ife<yxy<l—e,
Ve(X) := V(e) ifx <e, (5.1)
Vl—-¢) ifxy>1-—c¢.

This ansatz implies V. : R — R~ and V. (y) fulfills (A3) for any x € R.
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136 Blesgen

For d > 0 we define the convex function
Y(d) :=dInd
and for ¢ > 0 its regularisation (defined for all d € R)

(@) { dind ifd > ¢,
e = d2 .
dine—5+4+ 75 ifd<e
The regularised free energy functional is defined in such a way that ¥, € C? and the
derivative v/ is monotone increasing. This ansatz goes back to [11].

For later use we introduce ¢, := (v.)’. Since ¢, will be singular as ¢ — 0 we
introduce forr > 0

o) { pe(@)lpe (@)™ if go(d) # 0,
N 0 ifge(d) =0.
By definition, ¢} € CO(R). For 0 < r < 1, ' is not differentiable at the zero point of ¢.
To overcome this difficulty, for o > 0 we introduce the function ¢f ¢ with ¢;'¢ = ¢ in
R\ [0, 1] and define <p£’g in [0, 1] such that <p£’g is a C! function, monotone increasing
and ¢ — ¢f in COR) as o \, 0.
The definition of v, allows us to introduce the following regularisation of f,

fo(n, Ny, x) = kBH[ : (%(%) N (%)XE1 +k(;9— X)Eiz) +%(%>

N (nv)xEé—i-(l—X)Eg

W kgo :| + 0[P () + ¥ (1 — x) _GCXZ]

0
+ 21V + SV (5.2)

For the requirements of the logarithmic f we replace the assumptions of Section 4:
(AL’) Assumption (A1) remains valid. Additionally, the initial data ng, nyo, xo fulfills

/ni0>0 forl<i <M, /nvo>0, /Xo>0,/(l—xo)>0.

Q Q Q Q

(A2°) f is given by (5.2) with positive constants 6, 6; and y.
(A3’) V, is defined by (5.1).

For ¢ < &g, f. is bounded from below. For a proof see [11, Lemma 2.1]. Thus f,
fulfills all assumptions of Section 4. With the help of Lemma 4.1 we therefore obtain the
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existence of a weak solution (Ng, Nye, e, tye, Xe) tO the system

M
OtNje = diV(Z LijV/ng>, (5.3)
=1
_ afe K Nie
Hie = a_ni(ns, Nye, Xe) — N_€A<N_€)’ (5.4)
0tNye = —Ve(Xe)thve(Ne, Nue, Xe), (5-5)
dfe K Nye
Rve = an, (Ne, Ny, Xe) — N_8A<N_8)’ (56)
Toxe = YAXe + we(Ng, Nye, Xe) (5.7)

with initial values (2.12) and Neumann boundary conditions (2.13) and where

we(Ng, Nye, Xe) = _‘9[(P8(Xe) + (1 — xe) — 29CX€:|

+ ZMj (%)(E? —ED + (%)(ES - Ep).
i=1 ¢ ¢

Lemmab5.1 Let (A1")—(A3’), (A4) hold and let ¢ < «o.
(i) There exists a weak solution (ng, Nye, e, ye, xe) OF (5.3)—(5.7) with f given by (5.2).
Further there exists a constant C > 0 independent of ¢ such that

esssuPg¢<T (IINe® 1 g2 + [Mue® g2 + lxe B[l 2)
+ ltellL20,7: Hi:rM)) T vl 2(0r) < C,
18Nl L2007+ (HiQ: ®Myy) H10tNwell 2@y F 110t XellL20,T: (Hi)y) =< C-

(i) One can find subsequences (Ng)ecp, (Nue)ecP, (e)ecPy (Muve)ecP, (Xe)ecp Where
P c (0, gp) is a countable set with 0 as the only accumulation point such that

Nie = Niy Nye — Ny, Xe — X in L0, T; HY(Q)),

Nie — Ni, Nye = Ny, Xe = X in CO0, T]; HI(Q)) forany q < 1,
Nie — Ni, Nye = Ny, Xe = X aeinQrand0 <%, T, x <1,
dNie — dNi, dexe — dix in L%0, T; (HY@),

FNye — Ny in L%Qr),

ie = Wi in L20, T; HY(Q)),

e = My in L%(Qr)

ase € P tendsto 0.
(iif) There exists a number s > 1 and a constant C > 0 independent of ¢ such that

IA

loe (xe) + @e(1 — X€)||L5(SZT) C,

M
) Joe(5°)]
Z‘%(Ng LS(QT)+ ¥ N

Ls(Qr)

“Jap|oy JybuAdoa ayy Aq uoissiwiad uapLm yym pamojje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoK 1o} ajoie siyy aynquisip pue Adoa Aew no, me| JybAdoo uewas Aq pajoajoid si ajane siyj



138 Blesgen

Proof: (i) This follows from Lemma 4.1 and (4.16), (4.17).

(if) The convergence properties are shown as in the proof of Lemma 4.1. The estimates
0< % “”, x < 1 follow from the estimate of f.(n., Ny, x¢), See (4.15) with vy being
replaced by Ve(xe) > 0,and (AL).

(iif) The weak formulation of (5.7) in Q7 reads

9/ ((ps(Xs)+‘P8(1_X8))77+va)(s'vn

Qr Qr
— o [ o [+ [ [30 (%)@ - b+ (%) 5 by
Qr Qr Qr =1

for test functions n € L2(0, T; H1()). We choose 1 := ¢ %(x:) + ¢ ¢ (1 — x.) which
is admissible forall 0 < r < 1. Due to (<p£’9)’ > 0 we find

/ YVixe - V(0L2(xe) — 9L?(1 — xe)) = 0.
QT
With (i) we thus obtain

[ (00 + 0.0 = 0) (052000 + 00 = )
QT
< Cllog®(xe) + @1 — X8)||L2(QT)

ni n
<||X||L2(QT) + 10 x Nl L2y + H Z( 8) L) o H( v£>|||_2(szT)) (5.8)

where the constant C depends on ¢, 6c and on E}, E3, EI, E2,..., E}), E2,.
Because of (ii) we have 0 < Tu=, fie < 1, thus the rlght hand side of (5. 8) is bounded
independently of e. After taklng the fimit o \\ 0 we have for the left hand side of (5.8)

c> f (0 0e) + 0 (L — X)) (65 (o) + oL — x0)) = / 106 (o) + 0L — x)I L.
QT QT

In order to show the second part we consider the weak formulation of (5.4) in Q7,

M 1 2
_ kgo Nje XsEj+(1—Xe)Ej 8ijNe —nje
/ HieS = / N—g[j;(%(m) - ked )"

QT QT
Nye Xe Eé + (1= xe) E(Z) Nye Nig &
(%(NS)JF kgd )(NS) "’“”‘/ (N)'V(N_S)
Qr
for & € L2(0, T; H1(2)). We choose & := N,¢.“(nis/N;) and remark that as above

Nie Nig
V<_> ’ V r)g<_> > 0.
K/ N N =

Qr
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Due to the uniform boundedness of the terms nN—jj%(nN—‘:), “N—“j%(“N—“j) we obtain for C =

C(kBev ||/"L|€|||_2(QT)1 ||(p;’g(n|€/N8)”L2(QT)1 Eél)-s E%v sy EjMv ES: E%s ] E%A) With (il)

in the limit o N\ 0
C> /rps(nN—ii)%(nN—ii) zf ws(nN—ii)

QT QT
Equation (5.5) is treated alike, choosing ¢ (n,./N,) as test function. We end up with

r+1

Nye Nye Nye\ |T+1
oz [w(§)e () = [ Lo (G
= ffps N, Pe N,/ = Pe N,
QT QT
where C = C(ksfl. | &Nyl 2y IoE (R I 2oy ER. - Edyo B3 ER). OO

Lemma 5.1 (iii) shows in particular 0 < x < 1, so V(x) remains positive.

6 Thelimit equations

It remains to pass to the limit x — 0. This step is straightforward and is done in much the
same way as before by showing a-priori estimates and employing compactness results.

Lemma6.1 (a) Let (A0), (A1")-(A3’), (A4) hold. Then for « > 0O there exists a weak
solution (n*, n¥, ', u¥, x*) of (5.3)=(5.7) which fulfills for a constant C which is inde-
pendent of «

ess suPgy< (Il g2 () + INS Ol gz + X ® 1 42)
+ 1N L20,1: MMy + Iy L2 < C,

1ol L20,7; (Hice; My 12 T zgr) + 19X z,T; iy = C-

(b) One can extract subsequences (N“),, ()i, (W), (W) and (x*), such that

ne Soni,nf Sony, xf S in L=, T; HY(Q)),

N — ni, NS — ny, x< — x in CO([0, T]; HY(®)) forany q < 1,
e — ni, NS = n,, x* — x ae.inQrand0 < g, T, x <1,
an; — dtni, dx — drx in- L20, T; (H'(@)),

Nt — 3n, in L%(Qr),

W= in L2(0,T; HY(Q)),

1=y in L%(Qr)

as « tends to zero.
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Proof: By Lemma 5.1, a weak solution for fixed « exists. The estimates are a direct
consequence of Lemma 5.1. Since F*(ng, nyo, xo) can be estimated independently of «,
the constant C on the right hand side does not depend on «. This shows (a).

Part(b) is proved by Lemma5.1. m]

The following theorem is now clear.

Theorem 6.2 Let the assumptions (A0), (AL1)’, (A2)*, (A3)’, (A4) hold. Then there exists
a weak solution (n, ny, u, w1y, x) of (2.7)—(2.13) with the logarithmic free energy given
by (2.2) suchthatforl <i <M

(i) ni, Ny, x € L=, T; HL()) nCO([0, T]; HI(Q)) forany q < 1,
i € L2(0,T; HY(Q)), uy € LA(QT),

(i) n, dex € L2(0, To; (HY())), ny € L2(Qr).

(iii) There exists as > 1 such that In(nj/N), In(n,/N), Inx € L3(Q7)forl < j < M,
and in particular 0 < "W’ % x < 1 almost everywhere in €.

7 Interface dynamics

In this section we are going to analyse the dynamics of the interface I of x and A of
Nye N the limit y N\ 0. For simplicity we will restrict to the two-dimensional case as this
already shows all the interesting features.

Subsequently we study formal expansions of the solution n, n,, and x assuming that
these functions as well as all other functions and functionals are sufficiently regular. For
the analysis we consider the most interesting case where bulk diffusion and movement of
the transition layers occur on the same time scale. Therefore we rescale the problem by
setting y ~ €2, 6c = 1, F ~» 1F, Ljj := ed;j and set for simplicity # := 1. We consider
a parabolic scaling where space and time are weighted equally. The dependence of the
solution vector on ¢ is emphasized in the following by a subscript e.

So we are concerned with (ng, Ny, x.) solving

1
g0t Xe = EAXe — gax H(Ng, Nyes Xe)s (7-1)
. 1
£dtNye = ediV(V(x:)0VNye) — gb(n& Nues Xe), (7.2)
1
e0tNje = gﬁani H(Ng, Nye, Xe)- (7-3)

Here we used the definition

H(Ng, Nue, Xxe) 1= exe T1(Ng, Nye) + (1 — xe) T2 (N, Nye) +OW(xe).

System (7.1)—(7.3) is completed with initial values (2.12) and boundary conditions (2.13).
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7.1 Bulk expansion

First we are concerned with the behaviour of the solution in the bulk away from 9€2. We
consider expansions of the form

Xe(X, D) = XX, D) + X (X, 1) + O(?),
Ne(X,t) = A(X, t) + en(x, t) + O(c?),
Npe(X, t) = Ty(X, ) 4+ &Ny (X, 1) + O(e2).

Substituting into (7.1)—(7.3) we find to leading order:
W) =0, b(m, "y, %) =0, Ap(m, Ty, %) =0. (7.4)
Here, as in the first part of this paper, we set
p(n, Ny, x) 2= 3 f(N, Ny, ) = x0n f1(n, Ny) + (1 — x)3n f2(n, Ny)

for the chemical potential.

7.2 Expansion closeto theinterfaces

Now we deal with the asymptotic behaviour of ng, n,., x. close to the interface I'(t) of
x and the interface A (t) of n, away from 02. We allow for possibly anisotropic surface
energies. Therefore we do not only expand the spatial coordinates in the normal directions
of the interfaces, as is done in [26]. Instead we also take the tangential components of
I'(t) and A (t) into account.

We introduce arc-length parametrisations o +— ¢(o, t) of ['(t) and o — ¥ (o, t) of
A(t) for suitable functions ¢ and . In a sufficiently small strip Q(t) around the regular
curves I'(t) and A (t) we introduce the two projections

Ir@ (X) == @o(x, ), 1), MA@ (X) = Y¥(o(X, 1), 1),

mapping x € Q(t) onto I'(t) and A (t), respectively.
The unit tangent vectors 7. to T'(t) in the point ITp) (x) and 7, t0 A(t) in ITa g (X)
are defined by

Tl" (X7 t) = (P/(U(Xv t)s t)v TA (Xs t) = w/(Q(Xs t)v t)

The unit normal vector v.(X, t) in ITp) (X) is the vector orthogonal to 7. (x, t) for which
(vp (X, 1), 7 (X, 1)) is positively oriented; the unit normal vector v, (x, t) to A (t) in TT A ) (X)
is the vector orthogonal to z, (X, t) for which (v, (x, t), 7, (X, t)) is positively oriented.

In the strip Q(t) we introduce two sets of new coordinates (u, o, t) and (v, o, t) that
replace (x, t). We stretch the distance in normal directions setting

uex, t) i= %dist(x, L),  uxt):= %dist(x, AD). (7.5)

Here, dist(x, I'(t)) denotes the Euclidean distance of x to I'(t) in the direction of v, and
dist(x, A(t)) is the Euclidean distance of x to A(t) in the direction of v, .
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We compute
1 1
Vu(x,t) = —v.(x, b), Vux,t) = —v, (X, 1), (7.6)
& &
Vo(X, 1) = 7.(X, ) + O(e), Vox,t) =7, (X, 1) + O(e). (7.7)

For ng, ny. and x. we consider the expansions

xe (X, D=x"U, 0, ) + ext(u, o, ) + O(?), (7.8)
ne(x, )=n’(v, 0, t) + ent(v, 0, t) + O(&?), (7.9)
Nwe (X, =%, 0, t) + enl(v, 0, 1) + O(£?). (7.10)

We assume that these expansions are valid in a sufficiently small strip Q(t) around the
interfaces I'(t) and A(t).
We insert (7.8)—(7.10) into System (7.1)—(7.3). For the time derivatives we observe

d
saxo(u, o.t) = edux°(U, o, U + 9, x°(U, 0. 1) + £ (U, 0, 1)
= dux°(u, o, t) dedist(x, T(t)) + O(e),

e%n?v)(v, 0.0 = aung, (v, 0.1 didist(x, A(H) + O).

It remains to calculate the spatial derivatives. We start with (7.1). Using (7.6) and (7.7)
we find

eAxe = ediv(VX°(u(x, ), o(X, ) + eV (U(x. 1), o(x, 1) + O(e))
/1
- gdlv(géiuxovr + 05 x°7 + duxtor + 0(8)).
To compute this further and for later use we observe the identities
. 1
divh(u(x), o(x)) = ~aduh(u(x), o(x))v. + dh(U(x), o(x)) 7,
&
e M -
divh(v(x), o(x)) = gavh(U(X)s o(X)v, + ph(v(X), (X)),

which hold for differentiable functions h(u, o) and h(v, 0). With these formulas we end
up with

1
EAXe = gaquo + auu)(l + ZauaXoVrTr + O(e).

In the analogous discussion of the spatial derivativesin (7.2) and (7.3), mixed expressions
arise depending simultaneously on both coordinate systems (u, o, t) and (v, o, t). In order
to be able to compare both coordinate systems the following structural assumption is
made for the further mathematical treatment:

There exist functions 3 = ¥%(v, o, t) and ¥ = ¥1(v, o, t) such that

X't =3wot, I=12. (7.11)
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Using Taylor expansions of W(x.) and b(n,, n., x.), we obtain for (7.1), (7.2) to leading
order O(¢~1)

—auux’ + oW (x% = o, (7.12)

s Hyos

d
—E(V(xo)eavng) +bn% n% 3% =o. (7.13)

The discussion of Equation (7.3) leads in highest order to the trivial statement
? 0
Wan (QW(;( )) =0.

To analyse the conditions (7.12), (7.13) near the interface we follow Sternberg [28]
and multiply (7.12) by 8y x°. Integration from u = —oo to u = +oo0 yields

olwi®)| = %[(3uXO)Z]r~ (7.14)

Here, the jump [W]r of W across I'(t) in direction v,. is defined by
+00
[woy], = [ Ly
r du ’
—00

Multiplying (7.13) by 6V(%°)d,n° and integrating from v = —o0 to v = 400, we obtain
with the help of (2.14) for fixed n®

+00
1 ~0 0y2 _ ~0\\2 ~0d 0 40 ~0 d 0 L0
sLvdmnt?] = [ evi% (x o= f10% ) + (1 = O = fa°.n)) ).

(7.15)

Identity (7.14) was found before when studying the Allen—Cahn system and is referred
to in the literature as equipartition of energy across the interface, see [21].

The dynamic behaviour of I'(t) and A (t) is revealed by considering the next order of
expansions. For Equation (7.3) we have

. d2
ardlist(x, A®)an° = - (u(n®.nf. 1°)).
VU
The conditions (7.4) in the bulk provide the boundary conditions (f—;y, =0atv = oo,
and u(n% nY, %) = const for || — oo. More precisely, since (v = —oc0, v = 400)
is an unbounded domain and from the regularity of 1, we have u(n° n?, 3% = 0 for
|v] — oo. Hence [%,U«]A =0and

dydlist(x, A(t))[no]A - [%M(no, nd, 5<°)]A —0. (7.16)
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Below in (7.19) we will see that in general didist(x, A(t)) # 0, therefore (7.16) yields

[nO]A —0. (7.17)

As 3,n° = 0and f is smooth, u = 2T
Ky = aan as we will learn from (7.26).

The expansions of (7.1), (7.2), proceeding as in (7.12) and (7.13), lead in order £° to

does not jump across A(t), in contrast to

dedist(x, T(t)dux® = —20u0 x%7vr — duux® + OW” (x%) x 1, (7.18)

drdist(x, A())d,n°

d d . .
—@(V(xo)eagngm v, — @(V(x(’)eavni)

d 3 d .
- aw/(x")eavn‘,ixlm - @Mxowavnﬂm v,

+ 3ab(n®, n%, x%n! + 9, bn° n%, z%nl
+3,bn®% nd, %% (7.19)

To further examine the movement of the fronts we again multiply (7.18) by d, x° and
integrate from u = —oo to U = 4-o0. The result is

+o00
adist(x, T(t) /(8uX°)2du (7.20)
—0o0
+00 +00 +00
= — / 2046 xvp-0u x 1 du — / duuxtouxdu + / OW” (x%)du x°x* du.
—0Q —0o0 —0o0

The last integral on the right hand side of (7.21) can be reformulated. Using Identity (7.12)
and after integration by parts we see

“+o00 d “+o00 +oo
fXleﬁ(w/(xo))duz—fauxlé)uuxodu: / duu x Tu x° du. (7.21)
—00 —00 —00

With this result and taking into account that

+00 q 400
/ 20u0 X vrdux T dU = o~ / (@ux®)?ve 7 du,
—00 —0oQ

Equation (7.21) simplifies to

+00 q +00
adist(x, (1) /(auxo)zdu = -3 /(BU)(O)zvrrr du. (7.22)
o
—00 —o0
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The last integral on the right can be related to the surface energy s. of I". For a vector
| € R?\ {0} we set

+1

s () := inf{fZ\/QW(p(z)n p/(z)l|dz‘ p:[-1,+1]— [0, 1] is Lipschitz continuous}.

In this definition, the geodesic curve p connects two minima of W at z = £1, i.e. two so-
lutions to (7.4). Equation (7.14) implies 20W(x%) = (8, x°)?, and after reparametrisation
we obtain, see [28] for details,

+00

Sp(vp) 1= / (Buxovr)zdu.

—00

By straightforward calculations we compute
+00
d dux®)?v.7.du = divr D 7.23
i (Qux ) vp1edu = divy Ds. (vy), (7.23)
—00

where divt is the surface divergence. In two space dimensions, for a differentiable function
h on the interface I'(t), the surface divergence is defined by

divrh = (8,h)1,..

A well-known fact is the relation of divt Ds,.(v;.) to the curvature k. := divt v, of T'(1).
As is shown for the isotropic case in [28] and [26], it holds

divy Ds;. (v.) = Spkp- (7.24)
Exploiting (7.23) and (7.24), Equation (7.22) finally reads

+00
ddist(x, ['(t)) / (Bux?du = —s.«;.. (7.25)

Equation (7.25) is an isotropic Gibbs—Thomson law and controls the movement of I'(t).
The integral /™ °(3ux®)? du defines the surface mobility.

The discussion of (7.19) is very similar to the treatment of (7.18). We multiply (7.19)
by 8,n° and integrate from v = —oo to v = +o0. Then, analogous to (7.21), we integrate
by parts the term [ 8, (V(%®)6, %) 8,n% dv where we use (7.13). We arrive at

400 q +o00
adist(x, A(t)) /(&,ng)zdv =g f(V(f(O)eavnS)avnSrAvA dv
0
—0 —00

+00
- / (anb(no, n% x%nt + 9, b(n° n?, io)ni)avng do.

—00
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We can simplify the last integral. Because of 9,n° = 0 and the regularity of f we have

+00 +o00
/ anb(n® n? 3%na,n% dv = / V(%%)dn,dn F(n° n%na,n%dv = 0.
—00 —00
Finally, similar to (7.25), the surface energy of the interface A is given by

+00
5,(v,) 1= / V(X0 @0, )2 dv,

—0o0
such that the first integral on the right hand side of (7.26) becomes

+o0
d
o f V(69,n%)3,n%, v, dv = divr Ds, (v,).
o
—00

So we obtain, if «, denotes the curvature of A(t),

+00 +00
ardist(x, A(t)) /(3Un8)2dv=—SAKA+ f an,b(n% n% 3%a,nnldv.  (7.26)
—00 —0o0

Equation (7.26) is the isotropic Gibbs—Thomson law for the interface A (t). The integral
on the right in (7.26) is related to the jump of b = V(%°)d,, T across A (t). But here we
observe that the source term couples to the other variables and depends on n%, n and on
=0 0
x~ and n®.

In the limit ¢ N\ 0, Equation (7.26) states that n, and consequently 1, = aan jumps
across A(t).
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